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Abstract. We consider the zero viscosity limit of long time averages of 
solutions of damped and driven Navier-Stokes equations in M^. We prove that 
the rate of dissipation of enstrophy vanishes. Stationary statistical solutions 
of the damped and driven Navier-Stokes equations converge to renormalized 
stationary statistical solutions of the damped and driven Euler equations. 
These solutions obey the enstrophy balance. 
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1 Introduction 

The vanishing viscosity limit of solutions of Navier-Stokes equations is a sub- 
ject that has been extensively studied. Boundary layers, which present the 
most important physical aspects of the problem, are difficult to study and 
their mathematical understanding is rather limited. More progress has been 
made in the study of the limit when boundaries are absent (flow in or 
T"). Even in this restricted situation, there are two distinct concepts of 
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vanishing viscosity limit. The finite time, zero viscosity hmit is the hmit 
hm^^o >S'''(t)(a;o) of solutions S''{t){ujQ) of the Navier-Stokes equations with 
a fixed initial datum cuq and with time t in some finite interval [0,T]. By 
contrast, in the infinite time zero viscosity limit, long time averages of func- 
tional of the solutions 



are considered first, at fixed u. These are represented by measures /i'^ in 
function space. The long time, zero viscosity limit is then \im^_,Q , 



The two kinds of limits are not the same. This is most clearly seen in the 
situation of two dimensional, unforced Navier-Stokes equations. In this case, 
any smooth solution of the Euler equations is a finite time inviscid limit 
but the infinite time inviscid limit is unique: it is the function identically 
equal to zero. This simple example points out the fact that the infinite time 
zero viscosity limit is more selective. In less simple situations, when the 
Navier-Stokes equations are forced, the long time inviscid limit is not well 
understood. 

The finite time zero viscosity limit is the limit that has been most studied. 
For smooth solutions in M^, the zero viscosity limit is given by solutions of 
the Euler equations, for short time, in classical ([20]), and Sobolev ([T5]) 
spaces; the limit holds for as long as the Euler solution is smooth ([5]). The 
convergence occurs in the Sobolev space H'^ as long as the solution remains 
in the same space ([H]). The rates of convergence are optimal in the smooth 
regime, 0{v). In some nonsmooth regimes (smooth vortex patches), the finite 
time inviscid limit exists and optimal rates of convergence can be obtained 
(PP, [IZ]) but the rates deteriorate when the smoothness of the initial data 
deteriorates - for nonsmooth vortex patches (16|). 

One of the most fundamental questions concerning the inviscid limit is: 
what happens to ideally conserved quantities? For instance, in three dimen- 
sions, the kinetic energy is conserved by smooth Euler fiow, and dissipated 
by viscous Navier-Stokes fiow. Does the rate of dissipation of kinetic en- 
ergy vanish with viscosity, or is there a non-zero limit? This is the problem 
of anomalous dissipation. The term was coined relatively recently by field 
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theorists but the anomaly was suggested by Onsager and Kolmogorov inde- 
pendently in the nineteen forties. The problem is open. 

In two dimensions there exist infinitely many integrals that are conserved 
by smooth Euler fiows. One of them is the enstrophy 



where uj is the vorticity of the fiow. The existence of anomalous dissipation 
of enstrophy is postulated in Kraichnan's theory for two dimensional turbu- 
lence ([H]). This was studied in the framework of finite time inviscid limits 
with rough initial data ([ID], [IS])- It was established that, if the initial vor- 
ticity belongs to L^(]R^) then rate of dissipation of enstrophy vanishes with 
viscosity, for finite time. The finite time inviscid limits are weak solutions of 
Euler equations. 

In this paper we study the long time, zero viscosity limit for damped and 
driven two dimensional Navier-Stokes equations. The damped and driven 
two dimensional equations arise in the Charney-Stommel model of the Gulf 
Stream (^). The fact there is no anomalous dissipation of energy in damped 
and driven Navier-Stokes equations was suggested by D. Bernard ([!]). 

The paper is organized as follows. In the second section we describe the 
equations and a few of the properties of individual solutions of the viscous 
equations S^^^'^if) (cuq) . One of the facts that plays a significant role in the pa- 
per is that the positive semiorbit 0+(to) = {5'^'^''^(t)(cc'o) | t > to > 0} is rel- 
atively compact in L^(M^) and included in a bounded set in L^(M^) nL°°(M^) 
that does not depend on the viscosity. The uniform bound uses essentially 
the fact that the damping factor 7 > is bounded away from zero indepen- 
dently of the vanishing viscosity. In order to prove compactness, because we 
work in the whole space, we need to prove also that the solution does not 
travel. Our results apply to the spatially periodic boundary conditions as 
well. The absence of anomalous dissipation of energy follows immediately 
from the bounds in the second section. 

The third section is devoted to the study of the vanishing viscosity limit 
of sequences of time independent individual solutions. The sequences have 
enough compactness to pass to convergent subsequences. The resulting so- 
lution is a weak solution of the damped and driven Euler equations. The 
existence of weak solutions of such equations in the case of the Charney- 
Stommel model was first obtained in (|2])- The weak solution of the damped 
and driven Euler equation is a renormalized solution in the sense of (pj). 
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This implies that the weak solution obeys an enstrophy balance and that is 
used to show that there is no anomalous dissipation. 

The fourth section introduces the notion of stationary statistical solu- 
tion of the damped and driven Navier-Stokes equations in the spirit of 
|12j). In the case of finite dimensional dynamical systems ^ = N(iu), invari- 
ant measures /i obey J 'Vu;'^{uj)N{Lj)dfi{uj) = for any test function In 
infinite dimensions we need to restrict the test functions to a limited class 
of admissible functions. Among them are generalizations of the characters 
expi(a;,w) with w a test function and an additional type of test function 
\&e(a;) that uses {P{u!e))e, a mollification of a function of a mollification of u. 
Such technical precautions aside, the notion of stationary statistical solution 
of the damped and driven Navier-Stokes equation is a natural extension of 
the notion of invariant measure for deterministic finite dimensional dynam- 
ical systems. We show that weak limits of stationary statistical solutions of 
the damped and driven Navier-Stokes equations are renormalized stationary 
statistical solutions of the damped and driven Euler equations, a concept that 
we introduce in the spirit of ([S]). We also show that if the supports of the 
stationary statistical solutions of the damped and driven Navier-Stokes equa- 
tions are included in sets that are bounded uniformly in in Lp(M^) fl L°°(]R^) 
(with p < 2 for technical reasons having to do with the slow decay at infinity 
of velocity in the Biot-Savart law) then the weak limits are renormalized sta- 
tionary statistical solutions of the damped and driven Euler equations that 
obey the enstrophy balance. 

In the fifth section we prove our main results. We construct stationary 
statistical solutions fi'^ of the damped and driven Navier-Stokes equations 
by the Krylov-Bogoliubov procedure of taking long time averages. We show 
that these solutions have good enough properties so that their weak limits 
are renormalized stationary statistical solutions fi^ of the damped and driven 
Euler equations that obey the enstrophy balance. We use this fact to prove 
that zero viscosity limit of the long time average enstrophy dissipation rate 
vanishes: ^ 

lira z/ ^lim sup - y || Vc<;(,s + to)|lL2(K2)(is^ =0 

holds for all solutions a;(t) = S^^'^{t){uJo), all to > 0, and all ujq e Lp{M?) n 
L°°(M^). We also prove that convergence in this class of statistical solutions 
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is such that 



2 The setup 

We consider damped and driven Navier-Stokes equations in 

dtu + u ■ Vm — uAu + JU + Vp = f, 
V-M = 



(1) 



with 7 > a fixed damping coefficient, u > 0, f time independent with zero 
mean and / e W^^'°°(R2) n //^(M^). The initial velocity is diver Efence-free 
and belongs to (L^(]R^))^. We start by stating some of the properties of the 
individual solutions. 

Theorem 2.1 Let uq be divergence-free, uq G if^(M^)^. Then the solution 
of (Qy with initial datum uq exists for all time, is unique, smooth, and obeys 
the energy equality 

— — f \u\'^dx + 'j I \u\^dx + v I \Vu\'^dx = f f ■ udx. (2) 

2«t J^2 J^2 Jt^2 J^2 

The kinetic energy is bounded uniformly in time, with bounds independent of 
viscosity: 

||m(-,^)||l2(m2) < e~^* |||m(-,0)||l2(k2) - ^||/||l2(m2)| + ^11/11^2(^2). 

The vorticity uo (the curl of the incompressible two dimensional velocity) 

UJ = diU2 — d2Ui = V"*" ■ u (3) 

obeys 

dtOJ + u ■ Voj — U/S.UJ + •yu = g, (4) 

with g G the vorticity source, g = V"*" ■ /. The map t ^ uj{t) is 

continuous [0, oo) — > L^(M^). // the initial vorticity is in L^(M^), p > 1, and 
g G L^{M?), then the p-enstrophy is bounded uniformly in time, with bounds 
independent of viscosity 

||t^(-,^)IUp(R2) < e'"'^ |||lj(-,0)||lp(m2) - ^||5'||lp(m2)| + ^WgWip 



for p > 1. Moreover, the solution does not travel: For every e > there 
exists R> such that, 



\uj{x, t)f dx < e 



\x\>R 



holds for all t > 0. 



The proof of this theorem uses well-known methods, and will not be presented 
here. We only sketch the proof of the last statement. We take a smooth 
nonnegative function supported in {x G |x| > |} and identically equal 
to 1 for |x| > 1, multiply the vorticity equation Q by (p uj{x,t) and 
integrate in space. Denoting 



yRit) = j 0(1) \uj{x,t)\^dx 



we obtain: 

^Yn{t) + iYn{t) < 



C I ^Ynit) \g{x)\^dx \uj{x, t)\^dx + J \u{x, t) \ \uj{x, t)\^dx 

We deduce that 



''YRit)+^Ynit) < 



Ci {l-' ^,|>| \9ix)\'dx + f + ^||^(-, 

where [/ is a time independent bound on ||m||l2(r2), depending only on 7, 
||^o||l2(ir2) and on ||/||i2(]K2), and £^ is a time independent bound on the 
enstrophy, depending only on 7, ||a;o||L2(R2) and ||5f||i;,2(K2). We observe that 

POO 

W e^(*-^)||Vo;(-,s)||i2(j,2)Ci. 
^0 

is bounded in terms of 7, initial enstrophy and the norm of g in L^(M^), a 
fact that follows immediately from the enstrophy balance. From the uniform 
bound on enstrophy and a Sobolev embedding theorem we deduce that 

e^(*-^)||cuf-,s)||?4.»2)rfs<F 



where F is bounded in terms of 7, the viscosity, initial enstrophy and norm 
of g in L2(R2). It then follows that 



L 



g{x)\^dx + 



Eu 



+ 



UF 



R 



Choosing R large enough proves the claim. We note that R can be chosen 
uniformly for all initial vorticities ujq G L'^{M.'^) that are uniformly bounded 
in L2(R2) and satisfy a uniform centering property (see below). 

We are going to use the notation {f,g) = Jj^2 f{x)g{x)dx, and sometimes 
write S^^'^'(t){u!o) for the vorticity uj{x,t) solution of (jlj). 

Theorem 2.2 Let ujq & X where X C -^^(IR^) is a bounded set that satisfies 
the uniform centering property We > 0, 3R > 0, Wuq G X 



(where cl{0) is the ^^(IR^) closure of the set O) is compact in ^^(IR^). 

The proof of this theorem follows from an uniform bound in H^iM."^) for u!{t) 
for t >tQ and the uniform "no-travel" property of the previous theorem. 




Then, for any to > 0, the set 



0+(to, X) = d {5^^'^(t)cuo \uJoeX,t>to} 



3 Stationary Deterministic Solutions. 

Let {u^'^\to^'^'^) be a sequence of solutions of 



uAu + 7U + Vp + u ■ Vm = /, 
V ■ M = 



(5) 



and the corresponding vorticity equation 



7c<j + u ■ Vcu — z/Acj = g 
u = -u. 



(6) 
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We let z/ ^ but keep /, g, 7 fixed. The solutions u^'^^ exist, are smooth and 
decay rapidly at infinity. Moreover, the energy balance 

imphes that the sequence u^'^^ is bounded in L^(M^). 
The enstrophy balance 



7||^IIl2(r2) + '^l|V^|L2(K2) = / gujdx (7) 



implies that the sequence u^'^^ is bounded in L^(M^). Passing to a subse- 
quence, we consider the weak limit 



= ^x;- limcu^'^) (8) 



in L^(M^). Because of the compact embedding i7^(]R^)^ C for any 

relatively compact open set C and any 1 < g < 00, we may assume, 
by passing to a subsequence, that u^'^^ = K -k lu^"^ (where K = is the 

Biot-Savart kernel) converge to u^^'^ strongly in L'^{Q)'^. 

Theorem 3.1 The function u^^^ is a renormalized solution of the inviscid 
equation 

^^iO) + ^(0) . Vcu(O) = g 
^(0) ^ y± . ^(0) 

In addition, G L'^{R'^), G H^R"^), the equation holds m W[^l''^{R^) 
for any 1 < q <2, and 

l\\^'~'^\\lHm= I 9u^^"^dx (10) 



holds. 

Remark. Renormalized solutions have been introduced in ([S]). The ex- 
istence of weak solutions for damped and driven Euler equations using a 
vanishing viscosity method was obtained in ([2]). 
Proof. 

The facts that cj(o) G L2(R2), and G L2(R2)2 follow from the con- 
struction and uniform bounds on the solutions Furthermore, the 
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solutions u^'^^ are bounded in H^(M?y and converge strongly in Lf^^(R'^y to 
u^^\ The vorticities are bounded in L^(M^) and converge weakly. If is 
a test function then {u^'^^ ■ V)^ converge strongly to (m^^-* ■ V)0 in L^(M^)^ 
and, because the scalar product of weak and strong convergent sequences is 
convergent, we have: 

X = u 

'^^O JlR2 J ^2 

This means that u'^'^\uj^^^ is a weak solution of the inviscid equation. Because 
G if^(M2)2^ a;(o) g l2(M2) and g G L2(M2)^ are under the conditions 
of consistency in ([8]), Thm II. 3, and the same proof apphed to our case 
shows that is a renormalized solution of the inviscid equation, that is, 

7a;(°)/?'(a;(°)) + ■ V/5(u;(°)) = (11) 

holds in the sense of distributions for any (3 E that is bounded, has 
bounded derivative and vanishes near the origin. We present the proof here, 
for the sake of completeness. It is easy to prove (see Lemma II. 1 in [8]), that 
ifu0e«f(M2))^ .;OGLL(M^),then 

(^z° ■ V^°) * J, - n° ■ V (a;° ^ J,) ^ in LiM^) (12) 

when e tends to zero. Here (and hereafter) is a standard moUifier - je{z) = 
e~'^j{e~^z) with j(2;) a fixed smooth, even, compactly supported nonnegative 
function with J j{z)dz = 1 - and a-kb denotes convolution. 

Then, considering the mollified functions uj^ = oo -k j^, = -k and 
9e = d'^jc, it follows immediately from f|T2l) that 

Va;° + 7^e -^7e = ge, (13) 

holds in the sense of distributions, and qe converges to zero in Lj^^iM."^) as e 
tends to zero. From this equation, we obtain that if /5 G C"'^(]R), and (3 is 
bounded with bounded first derivative, then 

■ VPico'J + 7u;°/3'(^°) - ^7./5'(^°) = 9e/5'(cu°). (14) 

also holds in the sense of distributions. Letting e tend to zero, we prove ffTTj) . 

In order to prove ffTOl) . we mollify b = P{uj^^^), where /3 is a function 
with compact support 

K = b-kj,. 
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We use the identity ([7]) 

{U ®b)e - Ue®be = Pe{u,b), (15) 

with 

P,(m, b) = r,{u, b)-{u- u,) ® {b - 6,), (16) 

and with 



r^{u, b) = I j{z){u{x — ez) — u{x)) ® {b{x — ez) — b{x))dz. 

Because 



/ Tr {{ue b,)Vb,) dx = 0, 



it follows that 



/ {bu)e ■ Vbjx = / r,{u, b) -Vb^- {u - u^){b - b,)VbJx. (17) 

Jr2 Jk2 Jjg2 

Now b = l3{u!) ^ n L°°(M^) and we can pass to the hmit in flTTl) using the 
fact that u — Ue is 0(e) in L^(M^) (because of the uniform bound in iJ^(R^)), 
and working in L^(R^) with b : V&e is 0{e)~^ in L^(]R^), and b — b^ converges 
to zero in L^(R^). We deduce that 

7 / c^W/3'(cu(°))/3(cu(°))rfx = / (7/3'(cu(°))/5(c^(°))cix 



holds for any (3 & with compact support. Taking a sequence of functions 
that approximate I3{ijj) = u, with /5' uniformly bounded, we deduce ffTU]l . 

Theorem 3.2 Le^ m^'^),^;^'') 6e a sequence of solutions of (0, Then the 
enstrophy dissipation vanishes in the limit z/ — >• 0; 



limz/ / |Vcj('^)prfx = 



holds. 



Proof. Taking the limit superior in the enstrophy balance equation ([7]), using 
Fatou's lemma and the fact that cu^'^^ converge to (x;^°^ weakly in L^(]R^), we 
have: 



lim sup 1/ II Vtu^^-' 11^2^2) < hm sup / 5fCi;''''^(ia; — liminf ' 

< / W°^rfx-7||a;(°)||i2(K2) = 0. 
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4 Stationary Statistical Solutions 



In this section we follow the methods of Foias, see [HI [121 HSi; cind define a 
notion of a stationary statistical solution of the damped and driven incom- 
pressible Navier-Stokes equations in the vorticity phase space. The solution 
is a Borel probability measure in L^(]R^). We note that L^(R^) is a separa- 
ble Hilbert space and therefore the Borel cx-algebra associated to the strong 
(norm) topology is the same as the Borel a-algebra associated to the weak 
topology. (Indeed, any open set is a countable union of open balls, any open 
ball is a countable union of closed balls and closed balls are convex, hence 
weakly closed, hence weakly Borel.) 

Definition 4.1 A stationary statistical solution of the damped and driven 
Navier-Stokes equation (SSSNS) in vorticity phase space is a Borel probability 
measure in L^(M^) such that 




dii^{uj) < oo, 



(2) [ (u- Vtu + 7cj-^,*'(cj)) + z/(V^w,V^*'(w))d/i'^(w) = 

JL2(R2) 

1 

for any test functional \1/ G T, with u = — -. — -k u, and 

(3) I |7||a;||^2(R2) + z/||^||^i(K2) - (g,^)M/^''(^) < 0, 

^i?l<lklli2(K2)<S2 ^ 
^1,^2 > 0. 

The class of cylindrical test functions T is given by: 

Definition 4.2 The class of test functions T is the set of functions \1/ : 
L2(M2) of the form 

^{uj) := ^i{to) = ij {{uJ, wi), . . . , {u, wj) , (19) 

or 

^{u) := ^e(cu) = ip{{a,{uj),wi),..., {a,{uj),Wm)) , (20) 

where ip is a scalar valued function defined on R™, m G N; wi, . . . , 
belong to Cq(R'^) and 

a,{uj) = J,p{J,uj), 
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where j3 & is a compactly supported function of one real variable, and 
is the convolution operator 

with j > a fixed smooth, nonnegative, even {j{—z) = j{z)) function sup- 
ported in \z\ < 1 and with J^2j{z)dz = 1. 

The test functions \1/ used in the definition are all locally bounded and 
weakly sequentially continuous in L^(M^). We note the trivial but very im- 
portant distinction between weakly continuous and strongly continuous func- 
tions defined on L^(M^): any weakly continuous function is strongly contin- 
uous, but there exist strongly continuous functions - for instance, the norm 
- that are not weakly continuous. Because the SSSNS is a Borel probability, 
bounded continuous functions are integrable. In the sequel we will pass to 
weak limits of SSSNS, /i'" /i^, and then the distinction between weakly 
continuous and continuous functions is important: although for strongly con- 
tinuous functions \E' the integrals J '^dfi'^ are defined and finite, it is only for 
weakly continuous functions that the weak limit lim;^^o / '^dfi'^ = J "^dfi^ 
holds by definition. We will obtain stronger information as well, but that 
needs to be proved carefully. 

We discuss now the definition of SSSNS and comment on its mathemat- 
ical soundness. We will also verify the fact that for each test function, the 
integrand in (2) is a weakly continuous function on L^. We start by making 
sense of (1): the integrand can be viewed as a Borel measurable function 
defined for all oo G ^^(IR^), equal to infinity for oo ^ H^{R'^). The fact that 
this function is Borel measurable follows from the fact that ||a;||^i is every- 
where the limit of the sequence of continuous (hence measurable) functions 
II JeCi;||^i obtained by taking a fixed a sequence e — >• and convolving with a 
mollifier. The requirement (3) is a local enstrophy balance; it implies ([13]) 
that the SSSNS has bounded support. We define the set 

E := G L^(M^); ||c.||^.(^.) < . (21) 

Proposition 4.3 The support of any stationary statistical solution of the 
damped and driven Navier-Stokes equations in vorticity phase space is in- 
cluded in the bounded set in B C L^(]R^).- 

supp fi" C B. (22) 
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Proof. It follows from Definition 14. II item (3), that if 

E={coe L'iR'y, El < \\uJ\\l,^^,■^ < El} , 



then 



Hence, 



7Lll^lli2(R2)C?/i''M < 11^11^2(^2) /s||w||i2(lR2)rf/i^(u;) 



||2 



Thus, 



,|^|li2(R2)rf/i''M < . 

E 1 

II 11^ \ 

(23) 

If E"!* = ||5'||^2(ig2) and £'2 00, then by fl23|) . we have ^i{E) = 0, and the 
result follows immediately. □ 

We compute now for the test functions e T. Clearly : L^(R^) h-s- 
L'^{M?) continuously differentiable and bounded uniformly on bounded sets 
of L^(M^); moreover 

a'^iu) ■ <P = {{f3'{u,)U,U e LL(K'). (24) 

For \I'e G T we have thus 

m 

Vu,^e{^) ■ = XI wi), . . . , w^))((/5'(^,)0,)„ Wj), (25) 

i=i 

and for G T we have 

m 

V^^/(^) - = X9j?/'((u;,wi),...,(^,w„)))(0,Wj), (26) 
i=i 

where djip denotes the derivative of ip with respect to its j'-th variable. 
Clearly, in both cases, 1— Vaj'^i^uj) ■ is a bounded linear continuous func- 
tional on L^(]R^) and thus, by the Riesz representation theorem, there exists 
an element '^'{ui) G L^(R^) such that 
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This is the identification imphed in the shorthand notation \E''(c<j) used in 
Definition 14. 1[ For instance 



= ^M^^^ wi), . . . , w„))wj. (27) 



Consequently 



d^^^^'M = ^9,^((^, wi), . . . , wj)af w,. (28) 
for any multi-index k with \k\ < 2. For \E'e, a similar computation yields 

m 

5f ^e(^) = 5^9,V^((«e(c^), w,), . . . , (a,(c.), wj)9f (/3'(u;.)w,J^ . (29) 
i=i 

Lemma 4.1 Let G T anc? cu E B C L^(M^) wt/i _B a bounded set in 
L^(]R^). r/ien \l''(co') G Co(M^), anc? i/iere exists a constant depending only 
on \1' and B such that 



^'(cj)||h/2,2(r2) + ||^'(cj)||h.2,^(r2) < C (30) 



holds for all uj E B. 
Consider, for any 

i = 1,2,3 given by 



Fi(^) = (^^'(u;),7^-(?), 



and 



1 

F^iu) = {^'{uj),u-Vuj), u = ——ku. 

Zn \xr 



These three maps are well defined for uj G L^(M^), weakly continuous and 
bounded uniformly on bounded sets B C L'^iM?). 

Remarks. If /3 G Co^+^(M) and w^^ G C^{M?) then ^'{uj) G C^{M?). The 
expressions (VaAE''(t^), Vj^cu) = —{/S.x^'{yj),^) and (\E''(co'), -u ■ Vcu) = —{u • 
Vx^'{^),oj) make sense ioi k>2, u E Lf^^{R^), uo E B. 
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Proof. It is easy to see that dri'^eYiu;) and d^^^'j {uj) are uniformly 
bounded in L°^{R'^) n 1^(2."^) for a\\ cu e B, \k\ < 2. This is verified for 
dit'^'$'j{uj) directly by inspection of (!28|) and for di'^^'^'^ by inspection of (!29|) . 
We check the bounds for \E'e: As a'' (a;) is bounded on bounded subsets of 
L'^{M?), and ip is of class C^, we have that 

\d,^{{a'{u),w,),...,{a'{uj),w^))\<C, Vcu G S. (31) 

The fact that P'{uJe) G L°°(]R^) is bounded uniformly for u; G i? implies that 

((/3'(^e)w,J J|^^(^,^ < ^ ||W,||,,(«,) (32) 

holds uniformly, for all p, 1 < p < oo. By (1311) and fl32|) . we have from fl29l) 
that 

lie^^:MlL.(..)<^ (33) 

holds for 1 < p < oo with Cp uniform all uj G B. Thus, di'^^'^^uj) are bounded 
in L°°(R2) nL2(M2). 

Concerning the statements about the maps Fi, we start with 
F,{uj) = {^'{lu),^lu -g) = V^^(^) ■ (7^ - g); E L^R^). (34) 
This function is weakly continuous. Indeed, for \E'/ we have by (l27j) 
{^'j{uj),-fuj-g) 

m 

= Yl wi), • • • , {uJ, w„))(wj, -fuj-g). 

i=i 

and it is clear that this is a weakly continuous function of G L^(]R^). It is 
also quite obvious that it is uniformly bounded for oj E B. In the case of 
by (l25l) we have 

V^^,(cj) ■ (7CJ - ^) 

m 

= X] <9iV'((a'(^), Wi), . . . , (a'(^), W^))(((/3'(^e)(7^ - 9)e)e, Wj). 

i=i 

The weak continuity here follows from the fact that if uj^ converges weakly 
to UJ then uj^ — > uj^ converge pointwise, and it is bounded. Consequently, 
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{f3'{uji){'yuj^ — g)^)^ converges pointwise and is uniformly bounded. Therefore 
we can use the Lebesgue dominated convergence theorem in the integral 
against a fixed w from the finite list wi, . . . appearing in It is also 
clear that 

\\a[{u) ■ (7^ - ^)||i2(K2) < C'(||cj||^2(jj2) + ||^||i2(K2)), Vcj G L^iR^). (35) 
Thus, we have 

i^i(^) < C3(||w||i2(K2) + lkllL2(K2)) < C; WueB. (36) 

Therefore, -^1(0;) is weakly continuous and bounded uniformly for a; G -B. 

The fact that F2 is well defined follows from the fact that A^'(a;) G 
L2(R2) and 

The weak continuity for F2 follows as for Fi. in the case of it is straight- 
forward, and in the case of it follows because weak convergence becomes 
pointwise convergence and we can apply the Lebesgue dominated convergence 
theorem. 

For F3, we note first that, ii u = then, by classical singular 

integral theory ([IH]) u G ^[^^(M^), r < 00, and V ■ u = 0. Because Vx'^'iuj) 
is bounded and compactly supported, u ■ Vx'^'iuj) G L'^(M?) and 

Fs{u) = -{u-Vx^'iu),u) 

is well defined. 

If uJk converge weakly in L'^{M.'^) to 00, then the corresponding velocities Uk 
converge strongly to u in on compact setsi^, by the compact embedding 
H^{K) CC L'^{K). The case of ^/ follows then because the functions Wj 
in the list wi, . . . , have compact supports, and therefore the functions 
Uk ■ Vwj converge strongly as — > 00 to m ■ Vwj in ^^(IR^). The scalar 
products 

{uk ■ VuJk, wj) = -{uk, Uk ■ Vwj) 

converge, as A; 00 to — (cj, m ■ Vw^), because the scalar products of weakly 
convergent and strongly convergent sequences converge. Therefore the func- 
tion F3 is weakly continuous for this class of test functions. It is easy to see 
that the function is uniformly bounded locally in //^(M^). In the case of 
a similar argument shows that, if Uk converges weakly in L'^{M.'^) to u, then 

{Uk ■ Vuk)^ {x) (u ■ Vcj)^ (x) 
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holds for each x G M^, and these functions are uniformly bounded as x G M^. 
Also, the functions (3'{{uJk)e) converge pointwise and are bounded. This im- 
plies that F3 is weakly continuous; the uniform boundedness is easily verified. 
□ 

We define the notion of renormalized stationary statistical solution of the 
Euler equation. 

Definition 4.4 A Borel probability measure on is a renormalized sta- 
tionary statistical solution of the damped and driven Euler equation if 

I (m- Vcj + 7tu-^,^'H)rf/i°M = (37) 

(with u = 2~ ifp holds for any test functional \E' G T. 

We say that a renormalized stationary statistical solution fi^ of the Euler 
equation satisfies the enstrophy balance if 

[ {^Ml,^^,^-{g,u)]dfi\uj) = (38) 

holds. 

We recall Prokhorov's theorem (see for instance |18j): 

Theorem 4.5 Let X be a complete separable metrizable topological space, 
and let M. be a set of Borel probability measures on X. For each sequence in 
M. to contain a weakly convergent subsequence it is sufficient that for each 
e > 0, there is a compact subset K of X such that fi{X \ K) < e for each 
fie M. 

We recall that a sequence of Borel probability measures 7r„ on a topological 
space X converges weakly to a Borel probability measure tt on X if for every 
continuous bounded real- valued function ^ on X 

lim / ^(s)rf7r„(s) = / ^(s)rf7r(s). (39) 



Theorem 4.6 Given a sequence of stationary statistical solutions of the 
damped and driven NSE in vorticity phase space, {/i^}, with z/ — >■ 0, there 
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exists a subsequence, denoted also {/i*^}, and a Borel probability measure fi^ 
on L^(M^), such that 

lim / <l>(cu)ci/i^(cu) = / $(cj)d/i°(w), (40) 

holds for all weakly continuous, locally bounded real-valued functions $. Fur- 
thermore, the weak limit measure ijP is a renormalized stationary statistical 
solution of the damped and driven Euler equation. 

Proof. The ball B defined in f l22|) endowed with the weak topology is 
a complete separable metrizable compact space ([H])- By fl2^ . we have 
supp C -B, and thus satisfy the sufficient condition of Theorem 14.51 
Therefore there exists a subsequence ii'^ that converges weakly in 5 to a 
Borel probability measure /i° on B. Because B is weakly closed in L^(M^), 
we can extend the measure /i'' to L^(M^) by setting /U°(X) = /i°(X fl B) for 
any Borelian set X. We claim that /i*^ is a renormalized statistical solution 
of the damped and driven Euler equation. Indeed, for any \l/ G T, for each 
t = 1,2,3, 



lim j Fi{iu)dfj.''{iu) = j Fi{u)d^i\u) 



holds in view of Lemma 14.11 because each Fi is bounded and weakly continu- 
ous. In particular, the sequence / F2{uj)dfi''{uj) is bounded, and so 

limu / F2{uj)diJ,''{iu) = 

u^O J 

holds. The fact that fi'^ are SSSNS implies by Definition (14.11) . (2), 



(Fi(cu) + F3(cu))c//i"(cu) = -u J F2{uj)di2''{uj). 
Passing to the limit z/ ^ we deduce 

{Fi{uj)+Fs{uj))dfi\uj) = 



which is the condition fl37|) . Hence fi^ is a renormalized stationary statistical 
solution of the damped and driven Euler equation. □ 

We consider the sets 

B^ir) = ^^u e B; \\uj\\j^p^^2) < r, ||u;||^oorI^.2^ < r 
defined for r > 0, 1 < p < 2. 
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Theorem 4.7 Let {/u'^} be a sequence of stationary statistical solutions of 
the damped and driven NSE in vorticity phase space, with z/ — > 0. Assume 
that there exists 1 < p < 2 and r > such that 

supp fi" C 5~(r). 

Then, the limit fi^ of any weakly convergent subsequence is a renormalized 



stationary statistical solution of the damped and driven Euler equation ^^3l\ ) 
that is supported in B!^{r) and satisfies the enstrophy balance ^3^. 

Proof. The set B^{r) is weakly closed in B. Indeed, if ujj G B°°{r) con- 
verges weakly to to and if G C^(M^) then | J ucpdx^ = linij^oo |/ ujj(f)dx\ < 
'^I|0||li{r2) implies that | leu 11^00(^2) < r. Similarly, we obtain |J ujcpdx^ < 
r\\(f>\\j^p'(^2-j where p' > 2 is the dual exponent, and deduce that ||co'||£,p(ir2) < r. 
By Theorem I4.6[ the limit /i° of a weakly convergent subsequence is a Borel 
probability measure supported in B and a renormalized statistical solution of 
the damped and driven Euler equation (!37|) . The set U = L^(M^) \ B'^{r) is 
weakly open and f^^{U) < liminfj^^o f^'^{U) = follows by general properties 
of weak convergence. Thus, the support of /i° is included in B^{r). 
In order to prove the enstrophy balance we consider the function 



|2 



k=l 



Let {wj} be a complete orthonormal basis in L (M ), formed with functions 
Wj G Cq(R^). Then, for each fixed m, 

is a function in T, and 

m 

((vp(--^))'H, - g)) = ^((/?(c.,))„ w,)(((/?'K))(7c. - g),U w,). (41) 

i=i 

Because {wj} is an orthonormal basis in L^(M^), it follows by Parseval's 
theorem that 

hm (7^ - g)) = mu,)U (/3'K)(7^ - g),). 



19 



holds for each uj in B. Moreover, because the functions {(3{uj^))^ and 
{l3'{uj^){'yuj — g)f)f: are bounded in L^(M^) as a; e it follows that the 
sequence 

((\l/™''')'(a;), (70; — g)) is bounded uniformly for uj E B. Thus, we may apply 
the Lebesgue dominated convergence theorem to deduce 

hm / ((*-'^)'(a;),(7u;-y))V(a;) = / {((3(0;,)),, ((3'(u;,)(^u; - g),Ui,%u;). 

(42) 

Because (u ■ Vcu), — dk(ukUj), we have 



(43) 



((^K^))'(c^),«. Vu;) 

m 

= ^{{(^{^e))e, Wj) {((5'(uj,)dk(UkUj),),, Wj). 

In order to establish the pointwise limit 

hm ((*("^'^))'(^), u-Vuj) = ((/3(^,))„ (P'(uj,)dk(ukuj),),) 

m— +00 

and the uniform bounds on (P(u,)), and (P'(LJ,)Vx(uu)f:), in L^(M^) for a; e 
S we need to split the Biot-Savart expression 

1 

in two pieces, corresponding to 

J-^^K,(x) + K,(x), 

K2(x) = lf^l\x\>i. 

Clearly, because each component of Ki G L^(]R^), it follows that Ui = Ki~k 
u) is in L^(M^) by the Hausdorff- Young inequality, and its norm in is 
bounded by a constant uniformly for u) E B. On the other hand, because 
each component of K2 G L*''(]R^), with p' > 2 the dual exponent of p < 2, we 

have that M2 = e L~(]R2) with norm bounded by r, as long as c<j G 

B'^{r). Therefore u®uj G {E?) + L"^ {E?) , with norm bounded uniformly for 
u! G B^(r). Consequently, (u^lu), G L°°(M^) with norm uniformly bounded 
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for uo G B^{r) and, because f3'{uje) is uniformly bounded in L^(M^), we may 
use the Lebesgue dominated convergence theorem to deduce 



Jim / ((vI/(-'^))'(a;),M- Vcu)VM = / {{f3MU{(3'{uj,)dk{ukUj),),)dfi%uj). 

(44) 



(45) 



Because of ml IH 144]) we have then 



+ I mUJ,))e, (/3'(u;.)5fc(«fc^)e)e) V(^) = 0. 



Now we are going to investigate the term 



Integrating by parts we write 
with 

Jf3,e = - dk{(3{uJe))e [(3' {uJe){UkUj)e\^dx, 



and 

ir^,, = - / {P{uj,),)[P"{uj,){dkUJ,){ukUj)ldx. 



We spht Ja,e further, using ( fTSl [T6l) : 
with 

Lp^^ = - (9fc(/?(u;,)), [P'{uj,){uk)eiuj),]^dx, 

and 

Mf3,, = - / 9fc(/5(cj,)), [/?'(cj,)p,(Mfc, u;)]^ dx. 

We estimate 

|M/3,,| < Csup\p\sup\p'\-\\p,{u,ij)\\Li 



e 
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We used the fact that 

||^fc(/5)e||L°°(R2) < C'-||/5||l°=(IR2). 

We claim that 

|M^,,| <Csup|/5|sup|/3'|||cu|U2 / j{z){l + \z\)\\6,M\L^dz, 

where {6hUj){x) = u^x — h) — uj{x). Indeed this follows from a bound on 
Pe{u,uj) and the uniform bound ||5e2^i||L2(K2) < ||^^||l2(r2). 

We fix e > and we consider a sequence of compactly supported func- 
tions (3{y) that converge uniformly on the compact i?oo = [—2 ^ 2 ] 
together with two derivatives to the function y , (i.e. /3 — > y, — > 1, /3" — »• 0) 
and such that 

my)\ + \P'{y)\ + \P"iy)\)<C. 
It is easy to see that for fixed e > 

lim / {Lfs,, + Kp^,)d^i\uo) = 0. 

Indeed, Kp^^^iuj) is a continuous function of G L^(R^), uniformly bounded 
on K"^ and converging pointwise to zero. As for Lp^^, it is also continuous, 
bounded and converges to = Jj^a dk{ujf:)e{uk)e{yJe)edx. 
On the other hand, from 

/ \Mf,,,\dfi\uj)<C [ [ j{z){l + \z\)\\5,M\LHR^)dzdfi^'>\uj), 

with C uniform for all (3 in the sequence, it follows from the Lebesgue dom- 
inated convergence theorem that 

limlimsup/ |M^,,|ci/i(°) = 0. 

By and the estimates above it follows that 

limlimsup / (/5'(^.)(7^ - g),)e)dfj.%u;) = 

On the other hand, by the Lebesgue dominated convergence theorem again, 
lim,^o lim sup^_,^ /^2(k2)((/5K))o {f3'{uj,){-fuj - g),),)dfi^{u) 
= /l2(r2) {7l|w|li2(R2) - (g,^)} 

which proves (1551) . 
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5 Long time averages and the inviscid limit 



In this section we consider SSSNSs obtained as generalized (Banach) limits of 
long time averages of functionals of deterministic solutions of the damped and 
driven Navier-Stokes equations. These SSSNS have good enough properties 
to pass to the inviscid limit and are used to prove that the time averaged 
enstrophy dissipation vanishes in the zero viscosity limit. 

Definition 5.1 A generalized limit (Banach limit) is a linear continuous 
functional 

Limt^^ : i3C([0,oo)) ^ R 

such that 

1. Limt^^{g) > 0; \fg e BC{[0, oo)) with g{s) > Vs > 0, 

2. Limt-,oo{g) = linit->oo fl'(i); whenever the usual limit exists. 

The space BC[0, oo) is the Banach space of all bounded continuous functions 
defined on [0, oo), and the functional Lirrit^oo is constructed as an easy ap- 
plication of the Hahn-Banach theorem. It can be shown that any generalized 
limit satisfies 

liminf^(r) < Limt^oo{g) < limsup c/(T), G i3C([0,oo)). (46) 

Furthermore, given a particular g^ G BC{[0, oo)), and a sequence tj oo for 
which go{tj) converges to a number /, we can construct a generalized limit 
Limt-,oo satisfying Limt-^oo{go) = I, see |3l[T3]. This implies that one can 
choose a functional Lirrit^oo so that Limt-^oodo = ^^^^'^Pt^oo 9oit)- 

Theorem 5.1 Let uq G ^^(M^) and V^Mq = G L^R"^) f] L^iR"^). Let 
f G iyi'i(M2) niyi'°°(M2). Let to>0. Let Lirrit^^ be a Banach Umzt. Then 

[ ^{uj)dii\uj) = Limt^J- f $(5^^'^(s + to))M)rfs (47) 
Jl'^Cb:^) t Jo 

is a statistical stationary solution of the damped and driven Navier-Stokes 
equations. For any p > 1 there exists r depending only on 7, /, ujq but not u 
nor to such that 

suppfi" C B^{r). (48) 
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The inequality 



L2 



|V^||i2(R2)rf/i^(^) < 



L2 



[{g,uj)-^Ml,]df,''{u;) (49) 



holds. 



Proof. By Theorem 12.21 the set 

0+(to,{^o}) = c/{5^^'^(s + to)M, \s>0 } 

is compact in L^(R^). By Theorem 12. ^{S'^^''^{s + to)('^o)) is a continuous 
bounded function on [0, oo) and so is its time average on [0,t]. Thus, the 
generahzed hmit 



Lim 



t— >oo " 



exists. Moreover, it is a positive functional on C {0~^(to, {uq})). Because 
of the Riesz representation theorem on compact spaces, there exists a Borel 
measure /i^ on the compact 0~^{to, {cuq}) that represents the hmit. The 
measure fi" is supported in 0+(to, {^o}), f^'^i^) = /^'^(-^ nO"'"(to, {^o})), for 
any X Borehan in L^(]R^). We take a test function \E' G T. Then 

= Umt^^\ /J f vl>(5^5,7(, + t,){uJo))ds = 

holds. This verifies definition 14.11 (2). In order to verify conditions (1) and 
(3) we take the solution ui(t) = S^^''^(t){u!o) mollify it, u!^(t) = J^iuit)) and 
take the enstrophy balance. We obtain from (jlj) 



L2 



+ z/||V^,(t) 11^2(1^2) +7||w, 
= (p,(M(t),a;(t)),Va;,(t)) 



Integrating in time we deduce 

l/o 7ll^e(s + to)|li2(K2) - (^e,^e(s + to)) c/s + f || Vo^e (s + to) || i2 



2t 



lL2(iR2) - \\uJe{t + to)|lL2( 

+T loiP^i^i^ + '^o), + to)), Vt^,(s + )f:o))c?s 



(50) 



ds 



(51) 
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Fixing e > 0, we may apply Lirrit^ 



i2(K2) - {ge,UJe{,S + tQ)) 



ds 



and 



/l2(R2) \\^^e\\\2(^^l)dn''{uj) 

hold because the functionals are continuous. From flSTl) we have 



Limt^oo\ jl{pe{u{s + U),uj{s + to)), Vu;e(s + to))ds 



|Vu;e|li2 



rf/i^(cj) 



(52) 



We estimate the right-hand side taking VcUe in L°°(R^), where it costs t^^Vl 
where f2 is a time independent bound on ||5'^'^''''(s + to)^o) (from 
Theorem 12.11) . Then we are left with 



Lirut^^j jl{p,{u{s + U),u{s + to)), Vu;,(s + tQ))ds 
< TLimt^oo^ /q /jj2 j{z)\\6ezio{s + to) IU2(r2)C^s 



where F is a bound on sup^>Q ||u;(s + to)||Loo(R2)||c<j(s + to)||L2(iK2). We use 
crucially now the fact that 0"'"(to, {^^o}) is compact in L^(]R^). Then for 
every small number h > there exists e > so that 

\\S^zUj{s + to)||L2(R2) < h 

holds for all s > 0, and all z in the compact support of j. Therefore we 
have from fl52l) 



/i2(K2) [7ll^Ji2(K2) - (^e,^.)J dfl'^iu) + Z//j 

<h{e) 



L2(IR2) l|Vt^J^2 



dfi^iuj] 



(53) 

with < h{e), a function satisfying lime_»o/i(e) = 0. We remove now the 
mollifier, carefully. First we note that 

/l2(r2) [7ll^lli2(i82) - (^,w)J dfi-'iuj) 
= lim,^o 7ll^Ji2(K2) - {ge,uj,) dfi^iu) 
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holds trivially because is a Borel measure. This, together with fl53p implies 
that 

u lim sup.^o /l2 (k2) 1 1 Vw, 1 1 12 .^2) rf/i^ (^) 



< -/i2(K2) [7ll^lli2(K2) - (^,W)J C^/^'^IW) 

which implies, by Fatou's lemma 

< -/i2™2) 7ll^lli2™2) - dfl%Uj). 



Because the right-hand side is finite, this proves (1) and fj49|l . The proof of 
(3) for arbitrary Ei,E2 follows from a very similar computation as the one 
above. We take x'iy)^ ^ smooth, nonnegative, compactly supported function 
defined for y >0. Then xiv) = Jq x'{^)de is bounded on and 

^X(lke(t)||i2(M2)) = X'(||^e(t)||i2(M2))^||^e(t)||i2(M). 

We multiply (!50|l by 2x'(||c<Je()f:)|||2(]g2)) and we proceed as above by taking 
time average, long time limit and removing the mollifier. We obtain 



x'iMh 

L2 



and letting x'iu) ~^ '^[e^.e^] pointwise, with < x'iv) ^ 2, concludes the 
proof. □ 

Theorem 5.2 Let f E W^'\M.'^)nW^''^{R'^). Letuo E ^^(M^) divergence- 
free and let V^Uq = ujq E L\R^) n L°°(M2). Let uj"{t) = S^^^^{t){ujQ) he the 
vorticity of the solution of the damped and driven Navier-Stokes equation. 
Then, 

lirn z/ ^lim sup - y ||Vt<;'^(s + to) 11^2(^2) (is^ = 0, (55) 
holds for any > 0. 

Proof. We argue by contradiction and assume that the statement is false. 
Then, there exists a sequence uj. ^ and 6 > 0, such that, for each fixed z/^, 
there exists a sequence of times tj — > 00 (that may depend on k) such that 



tj Jo 



I \\Vuj'"'{s + to)\\l2^^2)ds>6 (56) 
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holds for all t, — oo. Because of the enstrophy balance 



1 

' 2t, 



It follows that 
lim sup - 

t— >oo t 



-j\\ij''^{s + to) 



ds 



ds > 6. 



(57) 



Because the function — 7 ||c<j 11^2(^2) + {g,^) is continuous on dO^{to, {uq}), 
by the remark after Definition 15.11 we can choose a generalized limit such 
that 



Lim 







lim sup - 



-7||cu'^'=(s + to) 
-^\\uj'"'{s + to) 



+ {g,u'"^{s + to)) 



ds 



Il2(K2) 



(58) 



ds. 



Now, by Theorem 15.11 this means that we have a SSSNS fi"'' that satisfies 
fj48|) and that also satisfies, in view of fl57j) and fl58l) 



L2 



7||^||i2(K2) + (^7,^) U/i"H^) ><^>0 



(59) 



Passing to a weakly convergent subsequence we find with Theorem 14.71 that 
there exists a renormalized statistical solution of the damped and driven 
Euler equations /i° that satisfies the enstrophy balance (138|) . 

Because the function uj 1— >• {g, oj) is weakly continuous, we have 



lim 

fc— >oo 



L2 



{g,u)d^i'"'{uj) 



L2 



On the other hand, by Fatou's lemma 



7 



L2 



d^^{ijj) < 7 lim inf / 

JL2 



From (13^ and fl60p we have 



7 lim inf 

fe— >oo 



L2 



L2 



((7,a;)V(^) (60) 



l^lli2(R2)f//i"H^) (61) 



{g,uJ)d^^\uJ)-5 (62) 
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and from (l^Tj) and fl62p we obtain 

7ll^lli2(M2) - (^,^) \dfx^{uj) <-5<0. (63) 



This is a contradiction because fl38l) holds. Thus fl55l) holds. □ 

Theorem 5.3 Lei/ G iyi'^(R2)niy^'°°(M2) . Letuo G ^2(^2) be divergence- 
free and let V^mq = cuq G ^^(M^) n L°°(M2). i^g^ SSSNS associated 
to long time averages given by ^hat converge weakly as u to a 
renormalized statistical solution /i° of the damped and driven Euler equation. 
Then 

lim / \\uj\\l2^^2-^d^''{uj) = / \\uj\\l2(^2-)d^'^{uj) (64) 

holds. 

Proof. Indeed, by Theorem 14.71 we know that /i° satisfies fl38|) . From P9|) 
and (pUj) we have 

limsup / 7||u;||22(^2.rf/i''(u;) < / {g,uj)d^i^{uj) (65) 



Using (!38l) we obtain 

limsup / 7||^||^2(K2)C?^''(a;) < / 7||w||22(jj2)rf/i°(^) (66) 

I^^0Jl2(]r2) JL2(ir2) 

From (EH) we obtain (IMD. □ 



Acknowledgment. The work of P.C. is partially supported by NSF-DMS 
grant 0504213. The work of F.R is partially supported by the Pronex in 
Turbulence, CNPq and FAPERJ. Brazil, grant number E-26/171. 198/2003, 
and by CAPES Foundation. Brazil, grant number BEX4427/05-0. 
F.R. also wants to thank the Department of Mathematics of The University 
of Chicago for its hospitality. 



28 



References 

[1] H. Abidi, R. Danchin, Optimal bounds for the inviscid limit of Navier- 
Stokes equations, Asymptot. Anal. 38 (2004), 35-46. 

[2] V. Barcilon, P. Constantin, E. Titi, Existence of solutions to the 
Stommel-Charney model of the Gulf Stream, SIAM J. Math. Anal. 19 
(1988), 1355-1364. 

[3] H. Bercovici, P. Constantin, C. Foias, O. P. Manley. Exponential decay 
of the power spectrum of turbulence. J. Stat. Phys. 80 (1995) no. 3-4, 
579-602. 

[4] D. Bernard, Influence of friction on the direct cascade of 2D forced 
turbulence, Europhys. Lett. 50 (2000) 333-339. 

[5] P . Constantin, Note on loss of regularity for solutions of the 3-D incom- 
pressible Euler and related equations. Comm. Math. Phys. 104 (1986), 
311-326. 

[6] P. Constantin, J. Wu, Inviscid limit for vortex patches, Nonlinearity 8 
(1995) 735-742. 

[7] P. Constantin, W. E., E. Titi, Onsager conjecture on the energy con- 
servation for solutions of Euler's equation, Commun. Math. Phys. 165 
(1994), 207-209. 

[8] R. DiPerna, P-L. Lions, Ordinary differential equations, transport the- 
ory and Sobolev spaces. Invent. Math. 98 (1989) 511-547. 

[9] N. Dunford, J. Schwartz, Linear operators. Part I. General theory. A 
Wiley-Interscience Publication. John Wiley and Sons, Inc., New York, 
1988. xiv+858 pp. ISBN: 0-471-60848-3 46-01 

[10] G. Eyink, Dissipation in turbulent solutions of 2D Euler equations, Non- 
hnearity 14 (2001), 787-802. 

[11] C. Foias, Statistical study of the Navicr-Stokes equations I, Rend. Sem. 
Mat. Univ. Padova 48 (1972), 219-348. 

[12] C. Foias, Statistical study of the Navier-Stokes equations II, Rend. Sem. 
Mat. Univ. Padova 49 (1973), 9-123. 



29 



[13] C. Foias, O. P. Manley, R. Rosa, and R. Temam, Navier-Stokes Equa- 
tions and Turbulence, Encyclopedia of Mathematics and its Applica- 
tions, Vol. 83, Cambridge University Press, Cambridge, 2001. 

[14] U. Prisch, Turbulence Cambridge University Press, Cambridge 1995. 

[15] T. Kato, Nonstationary flows of viscous and ideal fluids in R^, J. Punct. 
Anal. 9 (1972), 296-305. 

[16] M. Lopes Pilho, A. Mazzucato, H. Nussenzveig Lopes, Weak solutions, 
renormalized solutions and enstrophy defects in 2D turbulence, ARMA 
179 (2006), 353-387. 

[17] N. Masmoudi, Remarks about the inviscid limit of the Navier-Stokes 
system. Comm. Math. Phys., to appear (2007). 

[18] O.G. Smolyanov, S.V. Fomin, Measures on linear topological spaces, 
Russian Mathematical Surveys 31: 4 (1976), 1-53. 

[19] E. Stein, Singular Integrals and Differentiability Properties of Functions 
PUP, Princeton NJ (1970). 

[20] H.S.G. Swann, The convergence with vanishing viscosity of nonstation- 
ary Navier-Stokes flow to ideal flow in R^, Trans. Amer. Math. Soc. 157 
(1971), 698-726. 



30 



